Introduction and notation
Let croiv) be a positive Borel measure on the interval [0,27rj with an infinite support. Then for every n € No, there exists a uniquely determined monic orthogonal polynomial P n (z, ao) = z n H of degree n which satisfies r27r e-^P n (e^, ao) daoiv) = 0 for j = 0,..., n -1. /o It is well known that these monic orthogonal polynomials can be generated by the recurrence formula Jo P n +i(z,<To) = zP n (z,ao) -a n (<Jo)P*(z,ao), n G No, (
There is a one-toone correlation between the measure ao and the Caratheodory function (abbreviated in the following by C-function) F(z, CTQ), which is defined by It is not difficult to see that all the n n 's are of exact degree n with leading coefficient F(0,cro). Furthermore, the polynomials of the second kind satisfy the recurrence relation similar to (1.1), namely, fi n+ i(z,<7o) = zQ n (z,ao) + a n (ao)Qn(^^o)i n £ N o. With the help of the C-function and the polynomials of the second kind, the orthogonal polynomials can be characterized in the following way.
Theorem 1 (Peherstorfer and Steinbauer [17]). Let CTQ be a distribution function. Then a polynomial A of degree n is orthogonal with respect to ao, i.e., A = cP n (-, ao), c e C \ {0}, if and only if there exists a polynomial B of degree n such that

A{z)F{z,ao) + B{z) = 0{z
n ),
A*{z)F{z,ao) -B*(z) = 0(z n+1 ).
In such a case, B is the polynomial of the second kind with respect to ao, i.e., B = cft n (-,<To).
It is well known (compare the above considerations) that to each sequence of reflection coefficients {a n (cro)}, there corresponds an orthogonality measure CTQ and to the measure CTQ, a C-function F(z,ao) in a unique way. Thus, we have the following correspondence :
{a n (ao)} <-► <To{ip) <-► F(Z,<TO).
(1.5)
conversely. Cases where solutions can be found explicitly (i.e., the orthogonality measure as well as the reflection coefficients can be given explicitly), are very rare: only the Jacobi weight functions (1 -cos(p) a (l + cos^)^| sin^| are studied (see e.g., [15, p.234] ) and -from the point of the reflection coefficients -the case of periodic reflection coefficients (e.g., see [7, 19] ). If one knows the solution for the sequence {a n }, then also one can handle a finite perturbation of the reflection coefficients [16] and the case when the reflection coefficients are of the form {0,..., 0, ao, 0,..., 0, ai,...} where there always appear N successive zeros. For instance, by [1, 11, 14, 17] , we have the following correspondence: {0,...,0,aoM,0,...,0,ai((To),0,...} <-> ao{N(p) <-> iWo), M N times iV times assuming (1.5) holds. Moreover, the orthogonal polynomials with respect to ao (N(p) where Nip is taken modolo 27r, are explicitly given by ziP n (z N , CTQ), j = 0,..., N -1. Hence, it is natural to ask (see [21, pp. 142-145] and [11] ), whether such a correspondence also can be given for reflection coefficients of the form {6i,..., 6JV-I, ao(cro), &i,..., &j\r-i, ai((7o), • • •} where the 6j, j = 1,..., N -1 are complex numbers with |6j| < 1. For many of the specialists in this field, a correspondence with a C-function of the form F(TN(Z), CTQ), TJY a polynomial, was expected. But this does not hold in general. It will turn out that it is more natural to study a functional transformation which maps N arcs of the unit circle onto the whole unit circle, instead of a polynomial transformation. Under the additional assumptions that the starting-reflection coefficients a rl (cro) are real and that the inserted reflection coefficients bj are symmetric in the sense that
we shall demonstrate a correspondence of the following form:
{bi,...,biv-i, ao(cro),*>i,...,&jv-;u ai(cro), &i,...} <-► iV times JV times
Here the polynomials #, T, and W only depend on the values of &i,..., &JV-I, and the function # is given by i%) = Arg I for detailed description, see the next section. This paper is organized as follows: In Section 2, we will state some additional preliminary notations and definitions, and in Section 3, we give a full explicit description of the correspondence in (1.7). We also will show how the resulting orthogonal polynomials are related to the original orthogonal polynomials P n (z,ao) . Making use of the well-known relationship between orthogonal polynomials on the unit circle and on the real line, our results reprove some known results of Geronimo and Van Assche [9] but also give some new insights to the reflection coefficients of orthogonal polynomials on the real line; see Section 4. In Section 5 ,we give the proofs of our results.
Preliminaries
In this section, and for the rest of the paper, we suppose that CTQ is a symmetric probability measure, i. (-1,1) .
We start our investigations on (1.7) from the point of view of measures, respectively, C-functions. We will introduce a transformation which leads, as it will turn out, exactly to the reflection coefficients of the form given in (1.7) satisfying the properties under consideration. This transformation reproduces the measure CTQ on several subintervals of [0,27r], similar to the transformation if -► Nip mod 27r from (1.6). In fact, we will arrive at an extension of this function.
For the exact description of our transformation, some auxiliaries are needed: Let AT be a positive integer and let T(z) = T*(z) = az N H , |a| = 1, be a self-reversed polynomial of degree AT, whose zeros are all simple and located on the unit circle. Further, let L > 0 be a real number such that the function |T(e Z¥> )| -L has exactly 2iV zeros (counted according to their multiplicity) on [0,27r) 1 . Finally, we define the polynomial R by
By construction, all the zeros of R lie on the unit circle and are, at most, double. To the polynomial T (respectively, i?), we associate the set EN, defined by
3=1
Note that the e 1^ 's (again counted according to their multiplicity) are exactly the zeros of R.
Remark. Let us note that for convenience of the reader that we use a slightly different notation from that in [20] . Here, in contrast to [20] , R may have double zeros, i.e., we have Assuming that exactly iV -/ of the ^'s coincide, R can be written in the form 2 , and L = 2. Hence, Q(z) = z N , and one immediately sees that the parts (a), (d), (e), (g), and (h) of Proposition 1 remain valid for this case.
Given the measure CTQ, respectively, the C-function F(z,cro)i we can construct a new measure a and C-function F(z,cr), respectively, via the transformation 9 in the following way. 
Then for v? € EN,
where the last identity follows by Proposition 1(h).
For some further illustrative applications for constructing new orthogonality measures by using the transformation 6(2), see Section 4.
Main results
In the previous section, we introduced a transformation of measures, respectively, C-functions. In this section, we will see that these transformations, given as in (2.6), lead exactly to all the reflection coefflcients considered in (1.7).
The following theorem shows how the monic orthogonal polynomials P n {z, CTQ) and PnN(Zi&) are related to each other. If we combine the asymptotic relation in the above corollary with formula (4.2) below, taking into consideration that the polynomials Pu ' and Civ * in (4.2) are dependent on n in a known way (compare Theorem 3 below), then we immediately get asymptotics not only for the subsequence {<l>njv(z,0")} but for the whole sequence of orthogonal polynomials {^n(^j &)}• The next theorem gives the announced effects of the transformation 0 on the reflection coefficients of the orthogonal polynomials P n (z,cr). fl(n+i)JV-iW = -5-M<7o)(7 2 + 1) +7 2 -1].
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The statements of Theorem 3 simplify if we additionally suppose that T is a monic polynomial, i.e., that a = 1. Let us point out that a = 1 does not imply that T is a real polynomial in general. Then, Theorem 3 says that the sequence of reflection coeflicients {a n (a)} is "nearly" periodic, i.e., we have ..., oo(cr),...,aN-2(cr), a n jv_i(c7), ao(cr),..., ajv-
where only the anjv-iWs depend on n. In the simplest case, when a = 1 and
i.e., the new orthogonal polynomials arise from the old ones by plugging in the fixed sequence ao(cr),..., aN-2(<j) between each pair of successive reflection coeflicients a n (cro) and a n+ i(cro).
If a = 7 = 1, one can say even more about the values of the reflection coefficients ao(^),...,aiv-2(cr). 
Finally, let us show that also the converse of Corollary 2 holds. This will complete the correspondence in (1.7).
Theorem 4. Let {a n (a)} be a sequence of complex numbers with the following properties:
(1) |a n (cr)|<l forallneN,
AT G N /ixed. Further, let <7o 6e #ie measure associated with the reflection coefficients {«n(^"o)} w^ere a^ao) := ^(n+^Ar-iO 7 ) Z 0 ?^ a^ n G NQ. Then there holds: (i) T/ie orthogonal polynomials {P n (^, cr)}, generated by the reflection coefficients {a n ((j)}, and the orthogonal polynomials {P n (2;, CTQ)}, generated by the reflection coefficients {a n (<7o)}, are related as in Theorem 2. Furthermore, the measure a is of the form (2.11).
(ii) The transformation Q, respectively the polynomials R, W, and T, are given by
where CLN-I{Z,O) denotes the monic polynomial of the second kind with respect to a.
Examples and some further associated results
Let us give some illustrative applications for constructing new orthogonal polynomials, respectively, measures by using the transformation Q(z):
Example, (a) The special setting (c) Let us now consider the case that the original polynomials P n (^,cro) have periodic reflection coefficients, say with period M, i.e., a n+ M(^o) = ^n(^o)-Then it is known, cf. [7] or [19] , that CTQ essentially lives on M arcs By Theorem 2, the expressions P nN {z, a) ± P^i V (^, cr) can be written in terms of the original orthogonal polynomials P n := P n (.,c7o), i.e.,
P^M±KNM = \{^
%^(a n 7 T a n 7)(ft -i^)(e(z))
Hence, in order to make use of (4.2) for the explicit calculation of the orthogonal polynomials P n N+v(z, a), we need information on P^n N \z, a) and (^^(z, cr), which are determined by the reflection coefficients a nN (<j) ,... ,a n Ar+^i(cr). What we are going to do is the following: Theorem 5 below gives an explicit representation of Iterating this procedure gives the desired polynomials for their respective reflection coefflcients. Before we give an explicit representation of P^1 (2,0"), we prove the following relationship between the reflection coefficients {a n (a)} and {a n (cro)}, which is also used in the proof of Theorem 5.
Corollary 3. The following relation holds:
n (1 -M<7)| 2 ) = fi-(l -a 2 (ao)) for all n G NQ. where the constants *y n , 5 n , and X n only depend on the reflection coefficient a n (cro) and are given by
Here, a and 7 are defined as in (2.7) and (2.10), respectively.
For the calculation of the reflection coefficients ao(cr),..., a/v-2(^)5 we consider two cases:
• • General case: By Theorem 3, the reflection coefficients ao(cr),..., ax-2(0) only depend on T, i?, and W^ i.e., only on the transformation 0. In particular, they do not depend on the measure 00. Or, in other words, for arbitrary CTQ 
y(x)/T r (x)) dfxo(T(x))
can be represented with the help of the polynomials studied in this paper. Let {a n (/i)} and {X n (fi)} denote the recurrence coefficients of the orthogonal polynomials {p n (#, //)}, i.e., Pnfan) = (a -a n (/x))p n _i(x,/x) -A n (//)p n _2(rr,/i). 
Proofs
Proof Indeed, we will prove the representation
where a is given as in the statement of our Proposition. Then Recall that either r^rj) > 0 or T f (rj) < 0 for all rj G (<P2j-i,(P2j)-Hence, if 77 G (<P2j-u<P2j) and ^(77) > 0, then 2p(rj)T f {r]) < 0 and p'^Mry) > 0, respectively, 2p (7] )T f (r)) > 0 and p'{rj)T{rj) < 0 if r'fa) < 0 on (^-i,^). If 77 = ^i-i or 77 = ^2j 7^ ^2j+ij then the left-hand side in (5.6) is unequal to zero and the righthand side is zero.
(ii) In the second case, i.e., 77 = <£>2j = V^j+i, it is easy to see that 77 is a simple zero of p'r -2pT'. However, then 77 is also a zero of w{ip).
Combining both cases gives the desired boundedness of the expression in (5.5). According to (1.2), we now can apply Kelly's theorem which gives the existence of a subsequence a Sk , k G N, with Sk -► 1 as k -► 00 such that where we take the "positive" branch of y/®(z), i.e., 
^-r T{z)-y/R@)
Ve(z) - LzW • Then Q is
E ( J^-i-^izW^z).
Recall that b v = 0 if v is odd and note that, for even j, the expression L(»-i)/2J 3^/2
E ( ^^^-^w^w
is a polynomial of exact degree niV -jN/2. Thus, Q is a polynomial of exact degree nN. In addition, from the last representation, we get that Q = Q*.
If Q = ^Q*, then Q{z) := Q(^2) = E^Q fen-j^^ -^) where again K = 0 if z/ is odd. Similarly, as above, we can write
from which the desired assertions follow. □ Proof Theorem 2. To abbreviate notation, let us write Pn{z) := P n (2,cro). Then by Lemma 1, the expression
V^/ew
\/Q(z) in the sense of (5.7), is a polynomial of degree < nN. Moreover, we claim that A n ]sr is of exact degree nN. Therefore, we have to show that the value -4*^(0) = z nN A n N(l/z)\ zz=0 , which is the same as the complex conjugation of the coefficient of
and that P n , P* have real coefficients (because CTQ is a symmetric measure). Thus, the polynomial .4* N is of the form AnN\Z) = (-r N/2 )■ which yields by Proposition 1 and (1.1) that
is a monic polynomial of degree nN.
In an analogous way, one can show that Q,nN(z, cr), given as in the theorem, is also a polynomial of degree nN with leading coefficient F(0, a) = Re7 ^ 0.
Next, we will apply Theorem 1 to show the desired orthogonality property of PnN{z^ cr), i.e., we have to verify   P nN (z, (j)F(z, a) + £l nN (z, a) Let the polynomials A nN , B nN and ^4( n+ i)iv, B(n+i)JV be defined as in (5.9) and (5.10), respectively, and then we have, by Theorem 2, The second term in the sum on the right-hand side vanishes and a tedious but straightforward calculation gives
,(nN)
PT'M- + ^M ((p" +1 -p: +1 )(n n + n;) -(n n+1 + n; +1 )(p B -P,:)) (e(^))| -iim{a"}| ((p n+1 -p^+ 1 )(n" -n* n ) -(n n+1 + ^+ 1 )(P" + p*))(e(z)) + ffl| ((p n+1 + P^)^ -£i* n ) -(JWi -^+i)(^ + P*)) (ew)} where the constant iiT is given by 
pin) = p i (n) ( . j CTo) and n (n) = ^(n)^ ^^ we ^ (P n+1 ± P n * +1 )(fi" + fi^) -(IWi T fi; + i)(Pn -P:) = 2d n (ao)z n (P^ ± P^*),
(p n+1 ± p^i)^ -n;) -(fin+i T fi; + i)(Pn + K) = -2d n (*o)z n {nf } T fii n) *). ^im{ a "}-^|=(^)(e(,))-^)*(e(^)))
75
+ '
+ i
Further, from
fi^Cz) ± fi^z) = (1 ± OnCffo))^ ± 1), and we get, with the aid of (5.13),
This is the desired result. □ Now we are ready to prove the remaining results of Section 3.
Proof of Corollary 1. The leading coefficient of an orthonormal polynomial ®n(z, M) = k n (ij)z n + ••■ can be expressed in terms of the corresponding reflection coefficients {a n (/x)} by the formula 
Taking into consideration that
P^>( z ,a) = /3 n T(z)-X n^y
the above equality also can be written as
Hence, for all n € No, the following relations remain to be shown : 
= (l-x 2 )(l-j / 2 )(2 + 7 2 + l).
The setting x = a n _ j _i(c7o) and 2/ = a n (ao) gives the first identity in (5.19). The second one can be shown in a similar way. This proves (5.14). Here, the measure a is given as in (2.11) by using the transformation G instead of 6. Hence, as pointed out in [19, Remark 4.2], the reflection coefficients {o n (a) = -Pn+i(0, a)} can be expressed in terms of {a n (a)} by a n (a) = d-(n+1) a n (a), n G N. Using this identity and relation (1.4), it is not difficult to see that
T 2 (z)-R(z) = 4d N (a).
All these facts together show that our theory works with the triple (i2, T, W). In order to prove the theorem, it suffices to show that the C-functions F(z 1 a) and F(z, CTQ) are related to each other by F(z,a) = ^=F{e(z),ao), (5.21) since 7 = W{0)/y/R(0) = 1. Or, to use different words, we have to demonstrate that the reflection coefficients corresponding to the C-function at the right-hand side in (5.21) satisfy (l)-(4). By Proposition 2, the right-hand side in (5.21) indeed gives a C-function, which we will denote now by G and its associated reflection coefficients by {b n }. Let us show that b n = a n (a). Since bo,..., 6JV-2 are independent of CTQ, recall Theorem 3, we may choose F(z, CTQ) = 1. Then the first N -1 identities b n = a n (a), n = 0,...,iV -2, can be derived from [22, Beispiel 6.5 and 6.6, p.494]. Moreover, Theorem 3 gives the properties (3) and (4), while (1) is obvious. Summing up, we have shown that {5 n } = {a n (cr)} which proves (5.21). □
